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Abstract
In the context of field theory two elements seem to be necessary to search
for strong-weak coupling duality. First, one needs a gauge theory and second,
it should be supersymmetric. For gravitation these two elements are present
in MacDowell-Mansouri supergravity. The search for an “effective duality”
in this theory presents technical and conceptual problems that we discuss.
Nevertheless, by means of a field theoretical approach, which in the abelian
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case coincides with S-duality, we exhibit a dual theory for supergravity, with
inverted couplings. This results in a supersymmetric non-linear sigma model
of the Freedman-Townsend type.




Duality in supersymmetric gauge eld theory and superstring theory is a matter of
great deal of recent investigation. It reveals new profound insights in the perturbative
as well as in the nonperturbative sectors of these theories (for recent reviews see [1,2]).
In perturbative superstring theory, for instance, T -duality and in general, mirror symmetry,
gives a surprising new view of space-time physics revealing the existence of a minimal length.
It also provides a powerful tool to study stringy phenomena of space-time physics, such
as the idea of worldsheet equivalence of non-smooth space-time transitions whose prime
example is, of course, the change in the space-time topology. Furthermore, the strong-
weak coupling duality or S-duality has become a most important technique to study non-
perturbative aspects of eld theory and string theory (see [1,2]). It turns out that S-duality
is a fragile property in the sense that the absence of supersymmetry spoils it. The absence
of supersymmetry implies also the absence of the stability of the spectra of masses under
the renormalization group flow of BPS states [3]. In superstring theory, duality also shows
the equivalence among dierent types of perturbative string theories and indicates a strong
evidence of an emerging underlying theory known as M-theory [2]. On the other hand, for
N=2 supersymmetric gauge theories in four dimensions, Seiberg and Witten found that a
strong-weak coupling ‘eective duality’ can be dened on its low energy eective theory for
the cases pure and with matter [4].
Exploring analogies and generalizations of that genuine S-duality, people obtained other
kinds of \dualities". For instance, in non-supersymmetric non-abelian gauge theory, it is
possible to dene a \eld theory duality" by constructing explicitly the dual action to Yang-
Mills action with a theta term, following the usual Rocek-Verlinde procedure [5{7]. The
resulting dual action is described by a non-linear \massive" sigma model of the type worked
out in [8]. In particular, in [6], the obtained (local gauge invariant) dual variables were used
by the authors to reproduce the large-N limit of SU(N) partition function gauge theory in
two-dimensional tori. In three dimensions, for SU(2), the dual theory is shown to be very
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close to gravity theories and their moduli space of solutions.
Following these ideas, in Refs. [9,10] (and reviewed in [11]) it was shown that the
MacDowell-Mansouri (MM) gauge theory of gravity in four dimensions [12,13] does ad-
mit a dual description in the sense of [6]. This leads to a dual theory of gravity with the
structure of a generalized non-linear sigma model.
One would like to be able to nd an \eective gravitational duality", in the sense that
Seiberg and Witten have found for standard gauge eld theories. It is not clear if such a
program would work for gravitation. However, it seems to us worthwhile to pursue this
task. In the rst place, we work with the MacDowell-Mansouri formulation, a gauge theory
of gravity. The other element which seems to be necessary is supersymmetry. So, a natural
next step is to consider the MM-supergravity version. In this paper we work out its dual
description in the same sense of Refs. [9{11]. We are aware that a more rigorous denition
of an \eective gravitational duality" would need a way to dene a low energy eective
theory [4], among other requirements. This task presents particular diculties, by example,
one needs to preserve the gauge theory structure of the MM-theory when coupled to matter
[14]. In order to nd the dual description of the MM-supergravity, in section II we present
this theory and its (anti) self-dual versions. In section III the dual action is obtained from
a parent action. Section IV is devoted to discussion. An alternative derivation of the dual
action of MM-supergravity theory, showing explicitly the formalism of calculus in superspace,
is presented in the appendix.
II. MACDOWELL-MANSOURI SUPERGRAVITY
The theory of MacDowell-Mansouri is a gauge theory in 3+1 dimensions, with the anti-
de Sitter SO(3,2) gauge group [12,13]. After breaking the original gauge group to SO(3,1),
the resulting gauge theory leads to the Einstein-Hilbert action, cosmological constant term
and Euler topological invariant.
The supersymmetric version of MM theory can be constructed simply by promoting the
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SO(3,2) gauge elds to those corresponding to the supergroup Osp(1j4). In particular the
gauge potential A A is a Osp(1j4)- Lie algebra valued potential. The corresponding eld
strength is given by
F A = @A A − @A A +
1
2
fABCA B A C ; (1)
where fABC are the structure constants of the super Lie algebra Osp(1j4). The eld
strength F A can be decomposed into three terms corresponding to the three generators
SA = (Sab; Pa; Qi) (with Pa = S4a) of Osp(1j4) as
Fab = F ab + ab + ab ; F i = F i + i ; Fa = F a + a ; (2)
where
F ab = @A
ab





































 − A 4a A j ); (7)
F i = @A
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 − A cd A j ): (8)
The action proposed by MM to describe gravity and supergravity is constructed only in
terms of gauge elds, without the tetrad or the spin 3/2 eld,
S =
∫
d4x"F A F B MAB; (9)
where MAB is a generalization of the Levi-Civita symbol chosen by MacDowell-Mansouri in






where γ5 = iγ0γ1γ2γ3, γ are the Dirac matrices and C is the charge conjugation matrix
which satises Cγ5C
−1 = γT5 and C





F ab F cd "abcd + iF iF j(Cγ5)ij
]
: (11)
By identifying A ab  ! ab with the spin connection, A 4a  e a with the tetrad and A i   i
with the gravitino, MM have shown that the action (11) gives the gauge theory of N=1
supergravity, plus cosmological and topological terms [12].





as a generalization of (anti) self-duality. Consequently, the eld strengths corresponding to










 12(abcd  i"abcd) 0
0 (1 γ5)ij
 ; (14)




d−adbc. It is then not dicult to see that the self-dual action corresponding
to (9) is given by
S+ =
∫
d4x"+F A +F B MAB; (15)





+F ab +F cd "abcd + i+F i+F j(Cγ5)ij
]
: (16)
This action is the one proposed in [15] as a self dual version of the MM-supergravity gauge
theory in terms only on the self-dual spin connection. We will show that similar to Yang-
Mills [6,7] and MacDowell-Mansouri theory [10], the linear superposition of (15) and the
anti-self-dual corresponding action, does admit a dual description as well.
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III. DUALITY IN MACDOWELL-MANSOURI GAUGE THEORY OF
SUPERGRAVITY
In this section we show that for a theory of gravity with the structure of a gauge theory
and which is also supersymmetric, it is possible to nd a dual description [10,11] resulting
in a supersymmetric non-linear sigma model.
We consider the following action consisting in the linear superposition of the self-dual













(++Fab+F cd − −−Fab−F cd)"abcd








Bjs(Cγ5)ij = 2CrjBjs ;
(19)







(+ − −)FAFB + (+ + −) ~FBFA
]
MAB; (20)
where ~FA consist of two parts ( ~Fab ; ~F i) dened by ~Fab = − i2"abcdF cd and ~F i = γ5ijF j :
The rst term in (20) is the MM-supergravity (9). In [10] it was shown that the bosonic
part of the second term reduces to the Pontrjagin topological term. The fermionic part of
this second term is its corresponding supersymmetric partner.
Now we will nd a dual action to (17). In order to do that, as usual, we propose a parent










where Ci are constants and
G are Osp(1j4)- Lie algebra valued Lagrange multiplier elds.
Integrating out this action with respect to +G; −G one easily recovers the action (17) with
an appropriate choice of the coupling constants Ci.
In order to get the dual theory we follow the reference [6,7]. Hence, one should start
with the partition function
Z =
∫
D+G D−G DA exp(−L): (22)

















In order to perform the Feynman integral we decompose this functional integration measure∫ DA into its component elds i.e ∫ DAA = ∫ DAab DAiDA4a . Thus we dene the dual
action L as follows
exp(−L) =
∫
DAab DAiDA4a exp(− L): (24)




Thus we rst integrate out with respect to the eld A4a . Before performing the functional
integration it is convenient to take into account that the last two rows of action (23) can be
rewritten as
"(C3




+F i+Gj + C4−F i−Gj)(Cγ5)ij = i"F i(C3+Gj − C4−Gj)Cij : (27)
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+Gab − C4−Gab): (32)
Now we perform the integral
∫ DAi of fermionic variables with i being a Majorana index.
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 Hi − 2@Hj)[Z−1]jk"γ
(fmcdkA
cd














: : :+ 1
4
"f iabjHi[Z−1]jk"γfmcdkHγmAab Acd









: : :+ 2iF ab(C3
+Gab − C4−Gab) + : : :
]
: (39)
Before performing the functional integration
∫ DAab with respect to Aab it is convenient to
make the following denitions
Gcdef = i"
fabcdef(C3
+Gab − C4−Gab); (40)
Fab = 4i"
@(C3





Vcd = −"f icdjHi[Z−1]jk"γ@Hγk: (43)





















Finally we get the dual action in the sense of [6,7] for the MM gauge theory of supergravity,


































It should be remarked that this resulting supersymmetric non-linear sigma model has the
same structure of previous models considered in the literature [8].
In the process to get the dual action (45) we have integrated out Feynman integral (22)
through the explicit decomposition of the integration measure (24). This choice breaks
explicitly its description in the supermanifold formalism. It has not necessarily to be so.
It is interesting to see that the dual action (45) can be also derived in such a way that it
shows explicitely its supergroup structure [16]. We leave the details of this derivation for
the appendix A.
IV. DISCUSSION
In gauge eld theory, S-duality arises naturally for abelian theories [17]. For non-abelian
theories, Seiberg and Witten [4] have shown that supersymmetry is needed mainly due to
the holomorphic properties of the superpotential. Thus, after breaking the gauge symmetry
an eective duality can be obtained. For non-supersymmetric gauge theories, a \eld theory
duality" can be constructed [5{7], which results in the usual S-duality for the abelian case.
However, for non-abelian theories, this dual theory turns out to be a kind of \massive"
non-linear sigma model [8]. Of course, S-duality is present in the superstring and M theory
approach, with deep non-perturbative consequences. In [18], \gravitational branes" which
arise in type II superstrings and M theory have been considered in the search for gravitational
duality.
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If one attempts to formulate a program to pursue S-duality for gravitation, in the frame-
work of eld theories, it seems to us that one needs to take into account the elements
mentioned above for standard eld theories.
We need, rst, a gauge theory of gravity. This has been done already by MM [12] and
other authors [13]. Second, the theory should be supersymmetric. Third, being the MM
supergravity a gauge theory, one would need to nd matter couplings which should preserve
this supersymmetric gauge structure, in such a way that the tetrad and the gravitino eld
do not appear in the action whole [14]. Fourth, the next step, is to break the symmetry in
order to nd an \eective gravitational duality".
The third and fourth steps present technical and conceptual challenges. The coupling of
matter in these kind of gauge theories of gravity is an open problem [14]. The symmetry
breaking, consequently, has to be understood, technically as well as conceptually. Let us
remember that we are dealing with a gauge theory of (super)gravity.
In this work, following this program, we have been able to deal with a gauge theory of
gravity which is supersymmetric and we were able to nd a eld theory duality in the sense of
references [5{7]. It is interesting to note that our supergroup procedure could also be useful
to extend the results for standard Yang-Mills theories to their corresponding supersymmetric
versions.
The search to nd an eective gravitational S-duality in the context of eld theory,
requires further work and a deeper understanding of the technical and conceptual issues.
Work in these aspects is in progress.
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Appendix A. ALTERNATIVE DERIVATION OF THE DUAL ACTION
The purpose of this appendix is to provide an alternative derivation of MM-supergravity
dual action (45). First of all that the last two rows of Eq. (23) can be written as
AF = +2iFabHab + iF iHi ; (A.1)
where Hab = "(C3+Gab−C4−Gab) and Hi = "(C3+Gi−C4−Gi); with Gi =
Cij
Gj :
Taking into account the denition of the eld strength FA , after partial integrations we
get





 + 4i@HabAab − 2i@Hi Ai ;
(A.2)






4a4bHcd , W ai = if j4aiHj , Rij = ifabij Hab , Gabcd = if efabcdHef
and Uabi = if
j
abiHj .
This quadratic form can be diagonalized by dening the ~A-variables
AF = −Kab ~Aa ~Ab + 14Zij ~Ai ~Aj − Jabcd ~Aab ~Acd − 4J−1 abcd @Hab @Hcd
+N ij@Hi @Hj + 8J−1 abcd UcdjZ−1 ji @Hab @Hi ;
(A.3)
where
Zij = 4(−Rij +W ai K−1 ab W bj );
Jabcd = G

abcd − UabiZ−1 ij Ucdj ;





















 (@Hcd − UcdiZ−1 ij @Hj ):
(A.5)






whose inverse is given by (see for example [16]) (1−G−1UTZ−1U)−1G−1 −(1−G−1UTZ−1U)−1G−1UTZ−1−(1− Z−1UG−1UT )−1Z−1UG−1 (1− Z−1UG−1UT )−1Z−1
 ; (A.7)
and we take into account the identity
Z−1UTJ−1U = 1− (1− Z−1UTG−1U)−1; (A.8)
we obtain, written in a matrix formulation
AF = − ~ATK ~A+ 1
4
~ATZ ~A− ~ATJ ~A+ 4M−1 AB @HB @HA : (A.9)
In order to integrate the components of AA , we must rst make the change of variables (A.5),
it mixes the variables among them and the corresponding jacobian should to be taken into
account. Due to the fact that bosonic and fermionic variables come into play, the jacobian




 = det(A− CB−1D)detB : (A.10)
From (A.5), it can be seen that the superdeterminant of the matrix of the homogeneous
part of the transformation is 1. Thus, there is no contribution from the jacobian.







2 , where the last one has a positive power because it comes
from a fermionic integral. From the denition of the matrix J = G(1 − G−1UZ−1UT ), we
see that the product of the last two determinants can be written as the superdeterminant
of the matrix (A.6).

















Written in components this action is, of course, equivalent to the action (45).
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